The effect of gravity modulation on the stability of a time-harmonic parallel flow in a slot geometry is studied. A constant temperature gradient applied along the length of a slot with a flat free interface at the top drives a steady thermocapillary return flow. A vertical time-harmonic gravity modulation drives a time-periodic buoyant return flow. The relative strength of the two components is characterized by the Marangoni number Ma and the Rayleigh number Ra, respectively. There is potential for Rayleigh-Bénard, shear, and hydrothermal wave instabilities. The linear stability for two-dimensional rolls is studied and the stability boundaries are obtained by Floquet theory. Stability diagrams in the Ra-Ma plane are obtained for fixed modulation frequency and various Prandtl numbers and a disturbance kinetic-energy analysis is used to determine the instability mechanism. Buoyant and hydrothermal instabilities are found at small Ma and small Ra, respectively, whereas shear instabilities are found not to be important in the parameter regime studied. The two active mechanisms are found to either reinforce or oppose each other in different parameter regimes. This leads to regions of stability in the Ra-Ma plane where flows are stable due to the combined effect of buoyancy and thermocapillarity whereas a purely buoyant or a purely thermocapillary flow at the same Ra or Ma would be unstable. These results are contrasted with those obtained by Nield ͓J. Fluid Mech. 19, 341 ͑1964͔͒ in the case of steady gravity, for which thermocapillarity and buoyancy reinforce each other.
I. INTRODUCTION
In this work we study the effect of combined thermocapillarity and time-dependent body forces on the linear stability characteristics of a parallel flow.
The model, shown in Fig. 1 , consists of a slot of infinite extent in the x direction and thickness d in the y direction. It is bounded by a rigid insulating bottom boundary and an insulating free top interface, which is assumed to be flat and nondeformable. Consider first a constant temperature gradient ␤ applied along the x direction. The resulting variation of surface tension at the free interface results in fluid flow in the slot. It has been shown in Refs. 1 and 2 that the equations admit a steady parallel flow solution. The flow is a so-called return flow driven by a constant pressure gradient in the x direction with no net flow across any cross section. In the absence of flow, the temperature in the slot is constant at any cross section and lines of constant x are isotherms. As shown in definition sketch, the flow distorts these isotherms creating temperature gradients in the y direction. Now consider the effect of a zero mean time harmonic gravitational acceleration of amplitude g and frequency acting in the vertical direction. The interaction of the horizontal temperature gradient with gravity leads to a parallel time harmonic buoyant return flow in the slot which was treated in the quasistatic limit by Grassia and Homsy. 3 In this work we consider finite frequencies. The basic state of the system thus consists of a steady thermocapillary component and a time harmonic gravity driven component. The relative strengths of the two components are characterized by the Marangoni number Ma and the Rayleigh number Ra based on g. The objective of this work is to determine the linear stability of this basic state.
Both the thermocapillary and gravity driven parallel flows can become unstable by various mechanisms. Smith and Davis 4 examined the stability of the steady thermocapillary flow in the absence of gravity (Raϭ0). They found that the flow becomes unstable to both two-and threedimensional waves, with the preferred mode being oblique three-dimensional hydrothermal waves that propagate at an angle to the streamwise direction that depends on the Prandtl number. The mechanism for the instabilities was found to be the convective transfer of energy from the horizontal or vertical base state temperature field to the disturbances 5 and is active for the two-dimensional modes treated here. In the system studied here the base states are modified by gravitation which affects the stability characteristics determined in Ref. 4 . Further, the modulation frequency can be tuned to force the system at the natural frequency of the hydrothermal wave modes giving rise to the possibility of resonant interactions that can significantly modify the stability boundary.
The flow induced vertical stratification of the slot can become unstable with respect to gravity and give rise to Rayleigh-Bénard instabilities. There have been many studies on the stability of flows under modulated gravity ͑Refs. 6-11͒. Gresho and Sani 6 studied the effect of modulated vertical gravity on the buoyant stability of a quiescent layer of a͒ Present address: Department of Mechanical and Environmental Engineering, University of California, Santa Barbara, CA 93106; telephone: ͑805͒ 893-2704; electronic mail: bud@engineering.ucsb.edu fluid contained between two parallel plates at different temperatures. They found that gravity modulation can destabilize a system that would be stable under constant gravity and vice versa. In their work the applied unstable temperature stratification was maintained constant while gravity was varied in time. In the system considered here however, the longitudinal temperature gradient results in a flow within the slot and leads to vertical stratification. Both the base flow and the stratification consist of steady and time-periodic components. As a result, the stratification may be stable or unstable at any instant in the cycle and depends on the phase relationship between gravity and the temperature gradient.
Gershuni and Zhukovitskii and other authors ͑Refs. 7, 8, and references therein͒ have considered the effect of modulating gravity and temperature gradients on the onset of buoyant convection in different geometries. They discuss the stability of various equilibrium configurations and determine the effect of modulation on heat transfer. Further, certain combinations of the modulation amplitude and frequency are found to lead to parametric excitation of instabilities.
Chen and Chen 9 studied convection in an infinite vertical slot with differentially heated side walls and a nonzero mean time harmonic gravity modulation. Their work focused on the effect of gravity modulation on the instabilities of the steady flow. Instabilities were found to occur in the synchronous, sub-harmonic, and quasi-periodic modes. They found resonant interactions of the modulated system with the instability modes of the steady flow to be either stabilizing or destabilizing depending on the modulation amplitude and frequency.
Farooq and Homsy 10 considered the effect of time harmonic gravity modulation with a nonzero mean on flow in an infinite slot with differentially heated side walls and applied vertical stratification. They found resonances with the steady gravity instability modes for small amplitude modulation. When the modulation amplitude was comparable in magnitude to the steady component parametric instabilities were observed by suitably tuning the modulation frequency. This problem has been studied further, including the nonlinear regime in Ref. 11 .
All the works cited above consider the stability of base states that are either quiescent or driven by buoyancy. Grassia and Homsy 3 and Suresh et al., 12 on the other hand considered the interaction between a base state driven by thermocapillarity and Rayleigh-Bénard modes with modulated gravity. The physical model in those studies was similar to the one used here, with the important difference that gravity was modulated in the x direction. An analytical parallel flow solution was found to exist in the quasistatic limit of lowfrequency modulation. 3 The coupling of the thermocapillary flow with long wave Rayleigh-Bénard modes lead to singularities at critical points corresponding to the RayleighBénard eigenvalues of the same system under constant gravity. The singularities were resolved in Ref. 12 by taking into account the finite fluid and thermal inertia, and the interaction with the long wave modes was found to lead to a large but bounded resonant response that scaled exponentially with the reciprocal of the modulation frequency. Both these studies concentrated on the interaction of the thermocapillary flow with long wave Rayleigh-Bénard modes in the presence of horizontally modulated gravity. In this study we examine the effect of finite wavelength modes on the system response when gravity is vertically modulated.
These previous works have shown that complicated couplings between the various instability mechanisms are possible. The coupling between thermocapillary and buoyancy effects in the case of steady gravity was studied by Nield. 13 He found that the two mechanisms act independently of each other. The critical Rayleigh number Ra and critical number Ma were empirically found to be correlated as Ra/Ra c ϩMa/Ma c ϭ1, where Ra c and Ma c are the critical values in the absence of thermocapillarity and buoyancy, respectively. Therefore the critical Rayleigh number for the onset of instabilities decreases as the Marangoni number is increased. It is interesting to study the effect of gravity modulation on the coupling.
II. GOVERNING EQUATIONS

A. Scaling
The system is shown in Fig. 1 . Lengths are scaled with the slot height, d, time with the modulation scale 1/, and velocities with the thermal scale, /d. The temperature scale is given by ␤d, where ␤ is the constant horizontal temperature gradient applied along the slot. Certain dimensionless parameters arise from this choice of scales, namely the Rayleigh number Raϭgd 4 ␤␣ T /, Prandtl number Prϭ/, Marangoni number Maϭ␥ T ␤d 2 /, and Stokes number ⍀ ϭd 2 /. Here , , and are the dynamic and kinematic viscosities and thermal diffusivity of the fluid, ␣ T is the coefficient of thermal expansion and ␥ T the temperature coefficient of the surface tension. We consider here a twodimensional velocity field uϭ(u,v) for which it is convenient to use the vorticity formulation of the equations of motion. We define a temperature T(x,y) as the deviation from the applied conduction field so that the total temperature is given by ͑x,y ͒ϭT͑ x,y ͒Ϫx, ͑1͒
and introduce a stream function (x,y) such that
where z is the z component of the vorticity. The dimensionless vorticity and energy equations can be written as
The associated boundary conditions are y ϭ x ϭT y ϭ0 at yϭ0, ͑5͒
x ϭT y ϭ0 at yϭ1, ͑6͒
yy ϩMa͑T x Ϫ1 ͒ϭ0 at yϭ1. ͑7͒
Equations ͑5͒ and ͑6͒ are the no-slip, no-penetration, and insulating conditions at the boundaries, while ͑7͒ is the shear stress balance at the free interface.
B. Parallel flow solutions
The systems ͑3͒ and ͑4͒ with the boundary conditions ͑5͒ and ͑7͒ admits parallel return flow solutions such that u ϭ(U P (y,t),0), TϭT P (y,t). The governing equations take the simplified form
⍀T P,t ϭT P,yy ϩ P,y , ͑9͒
where the subscript P indicates the parallel flow solutions. The specification of a return flow allows us to fix the value of the stream function at the two boundaries, leading to the boundary conditions P ϭ P,y ϭT P,y ϭ0 at yϭ0, ͑10͒
P ϭT P,y ϭ0 at yϭ1, ͑11͒ P,yy ϪMaϭ0 at yϭ1. ͑12͒
In ͑8͒ the term Ra cos(t) acts as a source or sink of vorticity depending on the orientation of the gravitational vector. The vorticity production is the result of the coupling of gravity with the nonzero horizontal temperature gradient. In turn this leads to a convective distortion of the temperature profiles through the appearance of the term P,y in ͑9͒.
Since the system is linear the solutions consist of a superposition of two components: a steady thermocapillary component which is proportional to Ma and a periodic buoyant component which is proportional to Ra. Thus,
The two components are given by Figures 2 and 3 show typical velocity and temperature profiles, respectively, of the parallel flow solutions at different times for a given set of parameters. The direction of the instantaneous gravity vector is also shown for reference. Profiles for other parameter values are presented in later sections where we discuss the parametric dependence of the system response.
The temperature profiles indicate that the stratification in the slot becomes unstable at certain times during the cycle, suggesting that the parallel flow is susceptible to RayleighBénard instabilities. It is important to note that the unstable gradients are caused by the modulation of the gravitational field. In the presence of a constant gravity acting along the negative y direction, both the thermocapillary and buoyant components convect heat in such a manner as to ensure stable stratification. 1 The modulation causes the stratification due to the thermocapillary component to alternate between stable and unstable configurations in successive halves of the cycle and can lead to buoyant instabilities. On the other hand, the stratification due to the buoyant component depends on the phase relationship between the velocity and the temperature which is determined by Pr. We show in Sec. IV that this phase relationship can be used to explain the Pr dependence of the onset of Rayleigh-Bénard convection in purely buoyant flows.
The existence of inflectional velocity profiles in Fig. 2 suggest the possibility that the parallel flow can also become unstable to shear instabilities. The inflectional profiles are also a result of gravity modulation and indicate a strong interaction between thermocapillarity and the body force. In addition, the system is forced by a thermocapillary shear stress at the free interface, which was shown to lead to instabilities of the thermocapillary return flow.
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C. Linear stability analysis
We analyze the stability of the parallel flow by performing a linear stability analysis of the governing equations. We introduce infinitesimal disturbances Ј(x,y,t) and TЈ(x,y,t) into the flow and substitute a solution of the form (x,y,t) ϭ P (y,t)ϩЈ(x,y,t), T(x,y,t)ϭT P (y,t)ϩTЈ(x,y,t) into Eqs. ͑3͒ and ͑4͒ and the associated boundary conditions. After simplification the linearized equations for the disturbances are
The corresponding boundary conditions are
͑23͒
Assuming normal modes of the form Ј͑x,y,t͒ϭ ͑ y,t ͒exp͑ ikx͒, ͑24͒
TЈ͑x,y,t ͒ϭT ͑ y,t ͒exp͑ ikx͒, ͑25͒
where k is the wave number, the linear stability equations take the form
where
and the boundary conditions can be written as
ϭT y ϭ0 at yϭ1, ͑30͒
yy ϩik MaT ϭ0 at yϭ1. ͑31͒
While these equations determine the stability of the system, they provide no information regarding the mechanism responsible for any instability. As discussed before, there are complicated interactions between the buoyant, shear and hydrothermal instability modes. In order to determine the role of each mechanism, we use a disturbance kinetic-energy balance that can be obtained from the disturbance momentum equation
where uЈϭ(uЈ,vЈ) is the disturbance velocity vector, pЈ is the disturbance pressure and U P ϭ(U P ,0) is the parallel flow velocity vector. Forming the scalar product of this equation with uЈ and integrating over a domain enclosed by the depth of the slot and one wavelength, we obtain the evolution equation for the average disturbance kinetic energy.
ϪPr Ra͗vЈTЈ͘cos͑t ͒. ͑33͒
Here ͗ ͘ϵ͐ 0 2/k dx͐ 0 1 dy. The left-hand-side of this equation gives the rate of change of the disturbance kinetic energy of the system. The first term on the right hand side is a Reynolds stress term that determines the rate of transfer of energy from the parallel shear flow to the disturbances. The second term is the viscous dissipation of energy. The third term is a surface contribution to the energy balance from the Marangoni stress at the interface while the fourth term determines the buoyant contribution. All contributions other than the dissipation term can be either positive or negative and thus feed or damp an instability and their relative magnitudes help determine the driving mechanism behind a particular instability.
III. SOLUTION PROCEDURE
A. Galerkin approximation
The system ͑26͒ and ͑27͒ and ͑29͒-͑31͒ is solved using a truncated Galerkin expansion. Solutions of the form
are assumed for the stream function and temperature, respectively. The particular form chosen in ͑34͒ decouples the stream function and temperature in the boundary condition ͑31͒. The trial functions f m (y) are the solutions of the eigenvalue problem
where LϵϪk 2 ϩd 2 /dy 2 . h m (y) are cosine functions chosen to satisfy the insulating boundary conditions. Thus
Following the usual Galerkin procedure, ͑34͒ and ͑35͒ are substituted into the linear stability equations ͑26͒ and ͑27͒. 
B. Method of solution
Equations ͑42͒ consist of a system of linear ordinary differential equations with periodic coefficients. According to Floquet theory, 15 a matrix S(t) of linearly independent solutions of ͑42͒ can be written as
where I is the identity matrix, P(2) is a periodic matrix with period or 2 and F is a constant matrix, called the Floquet matrix. It follows that the growth rate of the solutions is determined by the eigenvalues of the Floquet matrix, called Floquet exponents. The solutions grow in time if the real part of any Floquet exponent is positive. Growing solutions of ͑42͒ correspond to an instability of the parallel flow and therefore, critical stability corresponds to the real part of the Floquet exponent becoming zero. The Floquet matrix is related to the fundamental matrix as
and hence the Floquet exponents ␥ n can be determined from the eigenvalues n of S(1) as
Thus the stability of the system can be determined by evaluating a complete set of linearly independent solutions at a time ϭ1 and calculating the Floquet exponents. To this end we start with an identity matrix of initial conditions S(0) ϭI and integrate the system ͑42͒ numerically over one time period to determine S(1). A semi-implicit Bulirsch-Stoer scheme with extrapolation and adaptive time stepping 16 is used to advance the solution in time. Sufficient Galerkin modes were used to ensure a relative error of less than 10
Ϫ3
in the Floquet exponents. The required number of modes varied from 10 to 40 in various parameter ranges depending on ⍀ and Ma and was found to generally increase with decreasing ⍀ and increasing Ma. Table I shows results of a convergence study obtained by varying the number of Galerkin modes for two different sets of parameters, one for the pure buoyant flow (Maϭ0) and the other for Maϭ100. In each case, the system lies slightly beyond the stability threshold and the most unstable Floquet exponent is presented.
The stability of the parallel flow is a multiparameter problem that depends on k, ⍀, Pr, Ma, and Ra. In order to organize and discuss the results we use either Ma or Ra as the stability parameter while holding all other parameters fixed. The critical value of the stability parameter at which the real part of the Floquet exponent changes sign is then minimized over k to determine the stability boundary of the flow. Table II indicates the parameter space explored for the purely buoyant (Maϭ0) and combined (Ma 0) cases. For Maϭ0, Prϭ1 we present a detailed study of the frequency dependence of the response between ⍀ϭ10 and ⍀ϭ200. In the high and low Pr limits a moderate frequency ⍀ϭ10 is chosen. Calculations are carried out at the same frequency for the case of nonzero Ma in order to compare the response as potential for Marangoni modes is introduced.
IV. PURE BUOYANT FLOWS: MaÄ0
In the absence of thermocapillarity, the base state is time harmonic with zero mean ͓cf. ͑8͒ and ͑9͔͒. The base velocity and temperature are however not in phase with the gravity modulation due to the finite generalized inertia of the system. The phase relationship depends on ⍀ and Pr and can lead to unstable stratification of the slot over part of the cycle as seen in Fig. 3 . The magnitude of the stratification is proportional to Ra. Thus we expect Rayleigh-Bénard instabilities to occur for particular combinations of Ra, ⍀, and Pr.
A. PrÄ1
The stability boundary of the system at a fixed Prandtl number Prϭ1 was determined as a function of the modulation frequency ⍀. Results are presented in Fig. 4 as a plot of the critical Rayleigh number Ra c against ⍀. The corresponding critical wave numbers k c are plotted in Fig. 5 .
It is seen that Ra c passes through a minimum at ⍀ Ϸ20. For frequencies less than ⍀ϭ200 instabilities occur in the synchronous mode and a single instability mode is found to exist, i.e., a single eigenvalue of the Floquet matrix became positive at Ra c . The unstable eigenvalue was found to be real for these frequencies. However, at ⍀ϭ200 two instability modes were found and the corresponding eigenvalues were complex conjugates with nonzero imaginary parts. Thus the instability occurs in a quasi-periodic mode where each of the instability modes has a frequency incommensurate with the modulation frequency. This transition in the instability mode is accompanied by a sharp change in k c in the region 150р⍀р200. Figure 5 indicates that the critical wave number appears to reach an asymptotic value as ⍀ is increased. However a jump in the wave number occurs in the region 125р⍀р150. Figure 6 shows the wave number dependence of real part of the least stable Floquet exponent, ␥ max R at Ra c ϭ41 500 corresponding to ⍀ϭ150. The most unstable mode has a wave number k c ϭ5.25. However, the secondary maximum in the plot in the region 2.25рk р3.25 indicates the possibility of these modes becoming unstable which is apparently what happens at lower frequencies. The plateau in Fig. 5 occurs at k c ϭ2.7 which lies within this band. For frequencies ⍀Ͻ125 the smaller wave number is most unstable whereas the higher wave number is selected at ⍀ϭ150. The plot also seems to indicate the possibility of long wave instabilities as the real part of the Floquet exponent asymptotically goes to zero as the wave number is decreased. In the limit k→0 the linear stability equations ͑19͒ and ͑20͒ can be cast in the form of an eigenvalue problem for the growth rate of the disturbances. It can be shown that this eigenvalue problem only admits trivial solutions with a zero growth rate which is consistent with the numerical results of Fig. 6 . We now consider the contributions to the mean kinetic energy of the disturbances in order to gain physical insight into the nature of the instabilities. Figure 7 shows the contributions to the kinetic-energy balance for ⍀ϭ10 as a function of time over one time period. The various contributions are found by evaluating the terms on the right-hand side of ͑33͒ using the Galerkin expansion. It is clear from Fig. 7 that the instability is driven by bursts of activity occurring at certain times during the cycle and that it is due solely to unstable stratification since the other terms in the energy balance are negative. These bursts can be directly related to the stratification created by the base flow. Figure 8 shows the temperature stratification at various instants during one period at the critical Rayleigh number, Ra c ϭ3420. The directions of the arrows beside the profiles show the orientation of gravity at the corresponding time. The letters ''S'' and ''U'' in the legend indicate whether the configuration is stable or unstable with respect to the instantaneous orientation of the gravitational field. The stratification first becomes unstable at ϭ0.25 and remains so until about ϭ0.5 and is again unstable between ϭ0.75 and ϭ1.0. Figure 7 indicates that there is a increase in the disturbance kinetic energy of the system during the time intervals when the slot is unstably stratified. The instability occurs in the classical RayleighBénard manner, with disturbances reinforcing the unstable temperature gradients, resulting in the formation of convection cells. Further, the burst of activity does not exactly coincide with the unstable stratification of the slot. The stratification becomes unstable at ϭ0.25, but there is a delay before the onset of convection. Relaxation oscillations are also observed as the system returns to a stable configuration. These observations can be attributed to the finite generalized inertia of the system at this Pr.
Figures 9 and 10 show the energy contributions and snapshots of the base temperature profiles over one time period for ⍀ϭ20, corresponding to the minimum of the Ra c Ϫ⍀ plot in Fig. 4 . For this particular set of parameters the slot is unstably stratified over a larger part of the cycle and Fig. 9 indicates that energy transfer to the disturbances occurs over larger intervals of time compared to the case of ⍀ϭ10. Figure 11 shows the energy contribution over one time period for ⍀ϭ200 for which the instability occurs in the quasi-periodic mode. Comparing Figs. 9 and 11 it is clear that the details of the buoyant energy transfer over one time period of the modulation are very similar. While the shear contribution is strongly stabilizing, unlike the situation in Fig. 9 , the instability mechanism remains essentially unaffected by the transition from the synchronous mode to the quasi-periodic mode. We conclude that pure buoyant flows at Prϭ1 exhibit buoyant instabilities which can be reasonably well correlated with the stratification of the slot produced by the base parallel flow. Instabilities were found to occur in synchronous and quasi-periodic modes. No sub-harmonic modes were found in the frequency range investigated, but these may occur at lower modulation frequencies. An interesting feature is that no shear instabilities were observed.
B. Results for ⍀Ä10 and different Pr
Next we examine the Pr dependence of the system response at a fixed frequency ⍀ϭ10. At Prϭ1 the instability is driven by unstable stratification of the base flow and there is no positive contribution to the disturbance energy from the Reynolds stress terms in ͑33͒. We expect this characteristic to hold at higher Pr since the buoyant term is proportional to Pr while the Reynolds stress term does not explicitly depend on Pr. Also higher Pr corresponds to higher momentum diffusion which reduces the possibility of shear instabilities. At small Pr the opposite is true and we expect the possibility of shear instabilities and higher Ra c for buoyancy driven instabilities compared to Prϭ1. Table III shows the critical Rayleigh number and critical wave number at different Pr for ⍀ϭ10. It is seen that Ra c is minimum for Prϭ1 and is much higher in the small and large Pr limits. Figures 12 and 13 show snapshots of the energy contributions and base temperature profiles over a time period for Prϭ0.01. Figure 12 indicates that the only positive contribution to the energy balance is from the buoyant component and that energy transfer to the disturbances occurs over almost the entire time period. Figure 13 indicates that the unstable stratification is very weak, resulting in a more stable system compared to Prϭ1. Contrary to expectations, the Reynolds stress term does not make any destabilizing contribution to the energy balance. To understand this, note that the linear stability equations ͑19͒ and ͑20͒ can be rescaled using viscous scales for velocity. In the limit Pr→0 it can be shown that the disturbance temperature takes the form TЈ ϭconstant and the buoyant term drops out of ͑19͒. The system then is equivalent to the oscillatory Stokes layers discussed in Ref. 17 which were shown to be linearly stable to shear instabilities. Figures 14 and 15 show snapshots of the energy contributions and base temperature profiles over a time period for Prϭ10. In the limit of large Pr, ͑8͒ indicates that the base velocity field can be considered to be quasistatic. Quasistatic solutions of ͑8͒ and ͑9͒ produce stable stratification of the slot. 3 In the current work the temperature field given by ͑9͒ is not quasistatic even in the limit of large Pr and can give rise to unstable stratification. This stratification is, however, weak as seen in Fig. 15 and limited to small intervals of time. As a result the critical Rayleigh number for the onset of buoyant instabilities is higher and energy transfer to the disturbances occurs in sharp bursts limited to the intervals during which the slot is unstably stratified, as seen in Fig. 14 .
We conclude that the base states are more stable at large and small Pr compared to Prϭ1. The increased stability is the result of the weak unstable stratification observed in the limits of extreme Pr.
V. COMBINED FLOWS: MaÅ0
When Ma 0 the base state consists of a steady thermocapillary component in addition to the time harmonic gravity component. Thus the base state is no longer a zero mean state. The introduction of a steady-state bias modifies the stratification of the slot and influences the stability results discussed in the previous section. Further, an additional instability mechanism, namely the hydrothermal wave mode 4 is possible for these combined flows. In order to study the interaction of the different instability mechanisms we obtain a stability diagram of the critical Rayleigh number Ra c against the critical Marangoni number Ma c at fixed Pr and ⍀ for the combined flows. The dominant instability mechanisms in various parameter regimes are identified by determining the contributions to the disturbance energy balance.
A. Results for PrÄ1
The stability diagram for Prϭ1, ⍀ϭ10 is shown in Fig.  16 . The figure consists of two separate branches. The upper branch is obtained by starting from the pure buoyancy limit indicated by point a and determining Ra c as a function of Ma. The lower branch is obtained by starting close to Ma c for the two-dimensional hydrothermal wave instabilities of the pure thermocapillary flow ͑point d) and determining Ma c as a function of Ra. As discussed above, the instability at a is buoyant in nature. As we move along the upper branch to- ward larger Ma, the contribution to the disturbance energy from the surface term in ͑33͒ becomes increasingly important. This is seen from Fig. 17 , which shows the energy balance at point b corresponding to Ra c ϭ2990, Ma c ϭ100. This part of the stability diagram follows the qualitatively the behavior obtained by Nield 13 for the case of steady gravity. In this region, buoyancy and thermocapillarity reinforce each other, causing the system to become unstable at smaller Ra c .
Upon further increasing Ma, however, the system is found to become more stable. The energy balance is found to be dominated by the surface contribution at Ra c ϭ3630, Ma c ϭ200 ͑point c) as seen in Fig. 18 . The increased stability is a result of the suppression of the unstable buoyant contribution. The temperature stratification produced by the thermocapillary component of the return flow is proportional to Ma ͓cf. Eq. ͑14͔͒ and is stable when the gravitational field is oriented along the negative y direction (0.25ϽϽ0.75). Therefore at large Ma the thermocapillary component results in a stable stratification of the slot during a significant part of the cycle, thus suppressing the buoyant instability. This can be seen in Fig. 19 which shows the base temperature profiles at different times. Note that at ϭ0.125 and ϭ0.375 part of the slot is stably stratified while part of it is unstably stratified as indicated by the marking ''S/U'' in the legend. Further, the stratification is weakly unstable or strongly stable in the time interval 0.375рр0.625. This leads to suppression of the buoyant burst seen in Fig. 17 around ϭ0.4 .
A similar analysis of the instability mechanisms is possible for the lower branch of the neutral curve. At point d (Ra c ϭ100, Ma c ϭ220), the instability is driven by the Marangoni stresses as seen in Fig. 20͑a͒ . The energy contributions for higher Ra are shown in Figs. 20͑b͒ ͑point e: Ra c ϭ1000, Ma c ϭ205), 20͑c͒ ͑point f: Ra c ϭ1500, Ma c ϭ204), and 20͑d͒ ͑point g: Ra c ϭ2500, Ma c ϭ235). As we move along the stability curve, the instability shifts to a buoyancy dominated mode at point e as seen in Fig. 20͑b͒ . At point f, Ma c passes through a local minimum. In this region of the parameter space, there is a positive contribution to the disturbance energy from the Reynolds stress term over a significant part of the cycle. However, the dominant contribution is from the surface term. The energy contributions at point g are qualitatively similar to that seen at point c in Fig. 16 , with the surface term driving the instability and most of the energy transfer occurring during the early part of the cycle. This suggests that the two branches probably intersect at some higher Ra and Ma.
The stability diagram in Fig. 16 provides a clear picture of the interaction between the various instability mechanisms. At small Ma, the upper branch is relevant and instabilities are driven by buoyancy. Buoyant and thermocapillary mechanisms interact cooperatively leading to a decrease in Ra c . As Ma is increased, the thermocapillary return flow suppresses the unstable thermal stratification over a significant part of the cycle and stabilizes the system. Further, the hydrothermal modes become more important at higher Ma and the instability shifts from a buoyancy driven mechanism to a hydrothermal wave mode. At larger Ma and small Ra, the lower branch needs to be considered, and instabilities are also in the hydrothermal wave mode. As Ra is increased the instability shifts to a buoyancy driven and finally a hydrothermal mode. The interaction between buoyancy and thermocapillarity can stabilize flows that would be unstable in the absence of one of the agencies. For instance, a purely thermocapillary flow would be unstable at Maϭ225, but is stable in the presence of buoyancy at Raϭ2500. Similarly a purely buoyant flow at Raϭ3650 would be unstable, but is stabilized by thermocapillarity when Maϭ205. The opposite is also true, i.e., stable flows can be destabilized by the interaction of thermocapillarity and buoyancy. This can be seen from the presence of minima in the Ra c -Ma c curves.
We are interested in how these modal interactions depend on the Prandtl number, Pr. Pr comes into the problem in two ways. First, it influences the phase relationship between the base flow and temperature fields. Secondly, it influences the relative importance of the different mechanisms as expressed in Eq. ͑33͒. We explore the Pr dependence by examining the cases of low and moderate Pr, respectively. Figure 21 shows the stability plot at a typically small Prandtl number, Prϭ0.01 and a modulation frequency of ⍀ ϭ10. Linear stability analysis indicates that the thermocapillary flow with no gravity is stable to two-dimensional disturbances. 4 Therefore, no hydrothermal wave instabilities exist for Raϭ0 and the lower branch of the stability curve disappears. The critical Rayleigh number is found to monotonically increase as a function of Ma. Figure 22 shows the results of the energy analysis for Ra c ϭ41 000, Ma c ϭ75. It is seen that the instability is buoyancy driven with the shear term being strongly stabilizing and practically no contribution from the surface term. Comparing Fig. 22 with Fig. 12 which shows the energy contributions for Ra c ϭ5500, Ma c ϭ0, it is clear that shear stabilization is responsible for the observed increase in Ma c . Figure 23 shows the stability plot for Prϭ10, ⍀ϭ10. The plot is qualitatively similar to that obtained for Prϭ1 in . Different branches can be constructed at small and large Ma which, in contrast to the case of Prϭ1, intersect at Ra c ϭ4000, Ma c ϭ345.5. Along the upper branch Ra c is found to decrease as Ma is increased from zero whereas Ma c increases from its value of 277.5 for the pure thermocapillary flow to 345.5 at Raϭ4000. Note that the critical values of the parameters are higher than those observed at Prϭ1. The increased stability of the buoyant base state was explained in Sec. IV B. The thermocapillary base state is also stabilized at high Pr. 4 The net effect leads to stabilization of the combined flow.
B. Results for small Pr
C. Results for moderate Pr
The energy analysis indicates that the instability mechanisms are also similar to those observed for Prϭ1, with the instabilities being driven by buoyancy at small Ma and switching to a hydrothermal wave mode as Ma is increased. The Reynolds stress terms do not contribute at this higher Pr.
VI. SUMMARY
In this work we have determined the linear stability of flow in a slot with thermocapillarity at a free interface acted upon by a zero mean modulated gravitational acceleration.
The base state is time harmonic with a steady thermocapillary component and a time periodic buoyancy driven component. The pure buoyant flow with no thermocapillarity was found to become unstable to buoyant instabilities as the Rayleigh number was increased. These instabilities were directly related to the stratification produced by the base state. Phase differences between the base temperature and velocity fields were found to cause unstable stratification. The phase difference is maximum for PrϳO(1) whereas either the base velocity or thermal fields exhibit a quasistatic response in the limits of extreme Prandtl numbers. As a result the stability threshold was found to be lowest for Prϭ1 while the critical Rayleigh numbers were significantly higher for large and small Prandtl numbers. Shear instabilities were absent over the complete range of Prandtl numbers for the pure buoyant flows.
The addition of thermocapillarity introduces a bias in the base state of the system which is no longer zero mean. Thermocapillarity affects the stability of the system in two ways. The steady return flow distorts the isotherms established by the buoyant flow and can change the nature of the stratification. As a result, it can affect the onset of buoyant instabilities. In addition, it introduces the potential for hydrothermal wave instabilities. The interaction of buoyancy and thermocapillarity was found to significantly affect the stability characteristics of the system.
For moderate Prandtl numbers the buoyant and hydrothermal wave modes were found to be dominant in different parameter regimes. The interaction between thermocapillarity and buoyancy was found to be either destabilizing or stabilizing in different parameter regimes. The buoyant and hydrothermal mechanisms were found to be weakly coupled at small to moderate Marangoni numbers, similar to the behavior observed under steady gravity. 13 The combined effect of the two mechanisms lead to a decrease in the critical Rayleigh number and a destabilization of the flow. At Prϭ1 and higher Marangoni numbers the unstable stratification caused by the buoyant component of the base flow is suppressed as the strength of thermocapillarity is increased, leading to stabilization of the flow and an increase in the critical Rayleigh number. The interaction between the two agencies was found, in the high Ra, high Ma part of the Ra-Ma plane, to stabilize flows that would be unstable in the absence of one of the agencies. Similarly the interaction was found, in the low Ra or low Ma region, to destabilize flows that would be stable in the absence of one of the agencies.
At small Prandtl numbers the introduction of thermocapillarity was found to stabilize the system. Instabilities occurred in the buoyant mode due to the lack of twodimensional hydrothermal instabilities
